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Abstract
In this article, a computationally effective strategy to obtain multioverlapping controllers via the inclusion principle is
applied to design a state-feedback multioverlapping linear-quadratic regulator controller for a 20-story building. The pro-
posed semidecentralized controller only requires state information of neighboring stories to compute the corresponding
control actions. This particular information exchange configuration allows introducing a dramatic reduction in the trans-
mission range required for a wireless implementation of the communications system. More specifically, just a one-story
transmission range is required by the proposed multioverlapping controller, while a full-building transmission range
would be necessary in a classical centralized design. From a computational point of view, the presented design strategy
only involves the actual computation of a reduced set of low-dimension controllers. The numerical simulations indicate
that despite the simplified low-dimension design and the severe information exchange constraints, the proposed semide-
centralized multioverlapping controller achieves a surprisingly high level of seismic attenuation when compared with the
centralized linear-quadratic regulator controller.
Keywords
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Introduction
The latest trends in structural vibration control of tall
buildings consider control systems of increasing com-
plexity, which typically involve a large number of sen-
sors and actuation devices, together with a wide and
sophisticated communication network.1–5 In this con-
text, semidecentralized control strategies, which can
operate using partial state information, are especially
interesting. The semidecentralized approach reduces
computational costs and information exchange and
increases robustness with respect to interconnection
degradation.6–8 Overlapping decompositions and the
inclusion principle9–14 have proved to be a suitable the-
oretical framework to design effective semidecentralized
overlapping controllers for a variety of large-scale and
complex systems, such as communication networks,15
mechanical and civil structures,16,17 and unmanned
groups of vehicles.18 These ideas have also been success-
fully applied to design semidecentralized overlapping
and multioverlapping controllers for structural vibra-
tion control of buildings under seismic excitation.19,20
The studies and simulations, however, have only been
actually conducted on small buildings. It is also worth
highlighting that multioverlapping controllers can be
especially suitable for wireless implementations of the
communications system since it is possible for them to
operate under a reduced transmission range, while, in
contrast, a full-building transmission range would be
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required for a wireless implementation of a centralized
controller.
This article aims at a double objective: (1) to apply
the computational strategy proposed in the study by
Palacios-Quin˜onero et al.19 to design a state-feedback
multioverlapping linear-quadratic regulator (LQR) con-
troller for a 20-story building and (2) to compare the
characteristics and behavior of this multioverlapping
controller with those corresponding to the optimal cen-
tralized LQR controller. The organization of the article
is as follows: First, a detailed derivation of the state-
space model for a 20-story building is presented,
together with the particular values of the building’s
parameters and the actuation scheme. The next section
begins with the discussion of some relevant aspects
related to the design of the optimal centralized LQR
controller, which is taken as a natural reference. After
that, the multioverlapping controller is designed.
Particular attention is placed on comparing the control
gain matrix structures, the associated computational
efforts, and the almost-optimality achieved by the mul-
tioverlapping controller. Finally, numerical simulations
of the 20-story building’s seismic response are con-
ducted and compared. These simulations include four
different configurations: (1) free response of the uncon-
trolled building, (2) controlled response under the opti-
mal centralized LQR controller with unlimited control
action, (3) controlled response for the centralized LQR
controller with constrained actuation force, and (4) con-
trolled response under the multioverlapping controller
with constrained actuation force. In all the cases, the
full-scale North–South 1995 Kobe seismic record has
been taken as the seismic excitation.
Building mathematical model
The objective of this section is to provide a detailed
derivation of the state-space model for a 20-story build-
ing. To this end, we begin with the second-order model
M €q(t)+C _q (t)+Kq(t)=Tu u (t)+Tww(t) ð1Þ
where M, C, and K are the mass, damping, and stiff-
ness matrices, respectively. The vector of story displace-
ments with respect to the ground is
q(t)= ½q1(t), . . . , q20(t)T ð2Þ
where qi(t) represents the displacement of the ith story,
and the vector of control forces is
u(t)= ½u1(t), . . . , u20(t)T ð3Þ
where ui(t) denotes the control force exerted by the ith
actuation device ai. Tu is the control location matrix,
w(t) is the seismic ground acceleration, and
Tw= M ½1203 1 ð4Þ
is the disturbance input matrix, where ½1203 1 denotes a
column vector of dimension 20 with all its entries equal
to 1. The mass matrix is a diagonal matrix
M=
m1
  
  
m20
2
664
3
775 ð5Þ
and the stiffness matrix K is a tridiagonal matrix with
the following structure
k1 + k2 k2
k2 k2 + k3 k3
        
        
k19 k19 + k20 k20
k20 k20
2
666666664
3
777777775
ð6Þ
When the values of the story damping coefficients ci
are known, a damping matrix C with the same structure
as K can be obtained by replacing ki by ci in equation
(6). In another case, an approximate tridiagonal damp-
ing matrix of the form
C=b0M+b1K ð7Þ
can be computed following the Rayleigh damping
approach by setting the value of the damping ratio for
two selected natural frequencies.21 Assuming that the
actuation devices are interstory bracing force actuators,
as those schematically depicted in Figure 1, the control
location matrix is a matrix with the following structure
Tu=
1 1
1 1
     
     
1 1
1
2
6666664
3
7777775
ð8Þ
From the second-order model (1), we obtain the
first-order state-space model
S
I
: _x
I
(t)=A
I
x
I
(t)+B
I
u(t)+E
I
v(t) ð9Þ
with state vector
x
I
(t)=
q(t)
_q(t)
 
ð10Þ
The state matrix is
A
I
=
½0
203 20
I
20
M1K M1C
 
ð11Þ
where ½0r3 s represents a zero matrix of dimensions
r3 s and In is the identity matrix of dimension n. The
control and disturbance matrices have the following
structure
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B
I
=
½0
203 20
M1Tu
 
, E
I
=
½0
203 1½1
203 1
 
ð12Þ
In this study, our interest is mainly focused on the
interstory drifts. We have also assumed that the actua-
tion devices are interstory force actuators. Moreover,
an adequate state arrangement is necessary to obtain a
proper structure for the multioverlapping control gain
matrix. Accordingly, we consider a new state vector
x(t)= ½x1(t), . . . , x40(t)T ð13Þ
that groups together the interstory drifts and interstory
velocities in increasing order
x1(t)= q1(t)
x2(t)= _q1(t)
x2i1(t)= qi(t) qi1(t), for 1\ i4 20
x2i(t)= _qi(t) _qi1(t), for 1\ i4 20
8><
>>:
ð14Þ
The new state-space model is
S : _x(t)=Ax(t)+Bu(t)+Ev(t) ð15Þ
where
A=PA
I
P1, B=PB
I
, E=PE
I
ð16Þ
and the change of basis matrix P= ½pi, j has the follow-
ing form
p1, 1 =1, p2, 21 =1
p2i1, i1 = 1, p2i1, i=1, for 1\ i4 20
p2i, 20+ i1 = 1, p2i, 20+ i=1, for 1\ i4 20
pi, j=0, otherwise
8><
>:
ð17Þ
The particular values of the building’s parameters
used in the controllers design and numerical simula-
tions are collected in Table 1. These values are similar
to those used in the study by Wang et al.6 The force
saturation level for a single-actuation device has been
taken as 1:23 106 N. Table 1 also includes the number
of actuation devices implemented between each pair of
consecutive stories and the corresponding maximum
absolute actuation force that can be exerted. In this
idealized actuation setting, the actuation devices imple-
mented at the same level are assumed to work coordi-
nately as a single device with the indicated maximum
actuation force.
Controllers design
Next, two different state-feedback controllers are
designed for the 20-story building model introduced in
the previous section: (1) an optimal centralized LQR
controller and (2) a semidecentralized multioverlapping
controller, which only needs the state information cor-
responding to neighboring stories to compute the con-
trol actions.
Centralized controller
To obtain the centralized state-feedback controller, we
remove the disturbance term in equation (15) and con-
sider the state-space model
Sc : _x(t)=Ax(t)+Bu(t) ð18Þ
together with the quadratic index
Figure 1. (a) Building mechanical model. (b) Actuation scheme.
Table 1. Particular parameter values for the 20-story building.
Story
1–5 6–11 12–14 15–17 18–19 20
Mass (3106 kg) 1.10 1.10 1.10 1.10 1.10 1.10
Stiffness(3106N/m) 8.62 5.54 4.54 2.91 2.56 1.72
Number of actuation devices 4 2 2 1 1 1
Maximum actuation force (3106 N) 4.8 2.4 2.4 1.2 1.2 1.2
Natural damping 5%
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Jc(x, u)=
ð‘
0
xT(t)Qx(t)+ uT(t)Ru(t)
 
dt ð19Þ
Following the usual approach, the design goal is to
obtain a state-feedback controller
u(t)= Gx(t) ð20Þ
that minimizes the quadratic index (19). As is well known,
the control gain matrix can be written in the form
G=R1BTX ð21Þ
where X is a symmetric positive-definite matrix that
satisfies the Riccati equation
ATX+XA XBR1BTX+Q= 0 ð22Þ
For a particular initial state vector x0, the optimal
value of the quadratic index (19) can be computed as
½Jc(x0)opt = xT0Xx0 ð23Þ
To avoid this dependence on the initial state, the
components of x0 are usually considered as indepen-
dent random variables with mean 0 and variance 1. In
this case, the average value of ½Jc(x0)opt is
½Jcopt = trace(X) ð24Þ
Any other stable control matrix G^ will define a con-
trol law u^ (t)= G^x(t) with an associated average cost
J^5½Jcopt. This average cost can be computed as
J^=trace(X^), where X^ is the solution of the Lyapunov
equation
A BG^
 T
X+X(A BG^)+Q+ G^TRG^= 0
ð25Þ
With the particular values of the building’s para-
meters presented in Table 1, and the weighting matrices
Q= I40, R=10
153 I20 ð26Þ
we obtain a 203 40 control matrix G= ½gi, j, with no
null elements. This matrix is schematically depicted in
Figure 2(a), where each small square represents a 13 2
block.
In general, the control action corresponding to the
actuation device ai is computed as
ui(t)= 
Xj=40
j=1
gi, jxj(t), for 14 i4 20 ð27Þ
and the full knowledge of the state vector is necessary
to compute each component of the control vector. This
fact has two significant consequences in practical imple-
mentations: (1) the transmission range of the communi-
cations system needs to be large enough to cover the
whole building and (2) the sampling time of the control
system must also be large enough to allow the complete
transmission of the state vector. Obviously, these two
aspects may be of critical importance in wireless imple-
mentations of the communications. The average opti-
mal value for this LQR centralized controller is
½Jcopt =314:63.
Multioverlapping controller
To design a multioverlapping LQR controller, the
20-story building is decomposed into a sequence of 19
two-story overlapped subsystems
S(i) = ½si, si+1, 14 i4 19 ð28Þ
where si represents the ith story. This decomposition is
schematically displayed in Figure 3. Following the
methodology proposed by Palacios-Quin˜onero et al.,19
the initial system given in equation (18) can be conveni-
ently expanded to form a new system
~SD : _~x(t)= ~AD~x(t)+ ~BD~u(t) ð29Þ
where the state matrix ~AD and the input matrix ~BD are
block diagonal. This expanded system is then decom-
posed into a sequence of decoupled subsystems
.
(a) (b)
Figure 2. Matrix structures: (a) centralized control matrix; (b) semidecentralized multioverlapping control matrix.
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~S(i)D :
_~x(i)D (t)=
~A(i)D ~x
(i)
D (t)+
~B(i)D ~u
(i)
D (t), 14 i4 19
ð30Þ
For each subsystem ~S(i)D , a local LQR controller
~u(i)D =  ~G(i)D ~x(i)D ð31Þ
can next be independently designed by minimizing the
local quadratic index
~J(i)D =
ð‘
0
~x(i)D
 T
~Q(i)D ~x
(i)
D + ~u
(i)
D
 T
~R(i)D ~u
(i)
D
 
dt ð32Þ
Finally, the sequence of expanded local control
matrices ~G(i)D , 14 i4 19, is contracted back to a block
tridiagonal control matrix G^ in order to define a multi-
overlapping controller for the original system. For the
20-story building considered in this article, the dimen-
sions of the state matrix A and the input matrix B are
403 40 and 403 20, respectively. After the expansion
process, we obtain 19 decoupled subsystems ~S(i)D , whose
state and input matrices, ~A(i)D and
~B(i)D , have dimensions
43 4 and 43 2, respectively. Moreover, it should be
noted that the same parameter values and actuation
settings are shared by some blocks of consecutive stor-
ies, and consequently, some of these decoupled subsys-
tems are identical. For instance, the following state and
input matrices are obtained for the decoupled subsys-
tems ~S(6)D ,
~S(7)D ,
~S(8)D ,
~S(9)D , and
~S(10)D
~A(i)D =10
33
0 0:0010 0 0
1:0073 0:0024 0:5038 0:0011
0 0 0 0:0010
0:5038 0:0011 1:0076 0:0024
2
664
3
775
~B(i)D =10
53
0 0
0:1818 0:0909
0 0
0:0909 0:1818
2
664
3
775, 64 i4 10
ð33Þ
The local LQR control matrices ~G(i)D for the
decoupled subsystems ~S(i)D have next been computed
using the weighting matrices
~Q(i)D = I4,
~R(i)D =10
153 I2, 14 i4 19 ð34Þ
Obviously, only a reduced number of control
matrices ~G(i)D corresponding to the different instances of
decoupled subsystems have to be effectively computed.
For example, the common local control matrix for the
decoupled subsystems ~S(6)D ,
~S(7)D ,
~S(8)D ,
~S(9)D , and
~S(10)D is
~G(i)D =10
73
0:0902 3:0333 0:0000 0:0050
0:0000 0:0050 0:0902 3:0333
 
ð35Þ
After computing all the local expanded controllers
~G(i)D , the contraction process produces a block tridiago-
nal control matrix G^, which defines a semidecentralized
multioverlapping controller
u^ (t)= G^x(t) ð36Þ
to be implemented in the 20-story building. The struc-
ture of the control matrix G^= ½g^i, j is schematically
depicted in Figure 2(b), where each small rectangle rep-
resents a block of dimensions 13 2. Due to this partic-
ular structure, only a reduced number of 4–6 states are
required by the semidecentralized multioverlapping
controller to compute the control action for each actua-
tion device. More specifically, in this case, the control
action corresponding to the actuation device ai can be
computed as
u^1(t)= 
Pj=4
j=1
g^1, jxj(t)
u^i(t)= 
Pj=2i+2
j=2i3
g^i, jxj(t), for 1\ i\ 20
u^20(t)= 
Pj=40
j=37
g^20, jxj(t)
8>>>><
>>>>>:
ð37Þ
This structure is especially adequate to overcome the
negative aspects associated with the centralized control-
ler: (1) as the state information needed to compute the
control forces corresponds either to local states or to
neighboring stories’ states, the transmission range of
the communications system can be critically reduced,
this fact is schematically depicted in Figure 4, and (2)
larger sampling frequencies can be used by the control
system due to the reduced amount of information
exchange required by the semidecentralized controller.
Remark 1. It must be highlighted, however, that some
nonzero elements have to be removed in the construc-
tion of the expanded decoupled system ~SD. This means
that the system ~SD is not an exact expansion of the orig-
inal system Sc, and consequently, the state-feedback
controller defined by the multioverlapping gain matrix
G^ must be checked for stability.
Remark 2. What is most surprising and certainly
remarkable at this point is that the multioverlapping
controller, despite the reduced-order design and the
severe information exchange constraints, is not only
stable but also almost optimal. Indeed, the correspond-
ing average quadratic cost is J^=315:79, which is just a
0.37% greater than the optimal cost scored by the cen-
tralized controller. In the next section, we will see that
the numerical simulations come to confirm the excel-
lent behavior of the multioverlapping controller.
Figure 3. Multioverlapping decomposition of the 20-story
building.
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Numerical simulations
To assess the performance of the multioverlapping con-
troller, a set of numerical simulations of the free and
controlled response for the proposed 20-story building
model and the controllers designed in the previous sec-
tion have been conducted. In all the cases, the full-scale
North–South component of the ground acceleration
record obtained at the Kobe Japanese Meteorological
Agency station during the Hyogoken-Nanbu earth-
quake of 17 January 1995,22,23 has been used as seismic
disturbance (see Figure 5). This is a near-field record,
corresponding to a close-to-epicenter station, that pre-
sents large acceleration peaks that are extremely
destructive to tall structures.24
The obtained maximum absolute interstory drifts,
together with the corresponding maximum absolute
control forces, are displayed in Figure 6. Four different
cases have been included in the graphics: (1) uncon-
trolled response (black triangles), denoted as Free in
the legend; (2) controlled response under the centra-
lized LQR controller defined by the control gain matrix
G with unlimited control action (blue circles), denoted
as Central. Ideal in the legend; (3) controlled response
under the centralized LQR controller defined by G with
the control force constraints indicated in Table 1 (blue
squares), denoted as Central. Sat.; and (4) controlled
response under the multioverlapping controller defined
by the block tridiagonal control matrix G^, also with the
control force limitations indicated in Table 1 (red filled
circles), denoted as Overlap. Sat. in the legend. Of
course, we are mainly interested in comparing cases (3)
and (4); however, cases (1) and (2) have also been
included as meaningful references.
A quick look at the graphics in Figure 6 allows us to
clearly appreciate the excellent performance of the mul-
tioverlapping controller with respect to the optimal
LQR centralized controller. This fact is entirely consis-
tent with the almost-optimality of the multioverlapping
controller indicated by the value of the average quadra-
tic cost J^. To provide a more detailed picture of the
simulation results, percentages of reduction in maxi-
mum interstory drifts relative to the values obtained
for the uncontrolled response are presented in Table 2.
The data in Table 2 indicate that, in general, the per-
centages of reduction in the interstory drift peak values
attained by the saturated multioverlapping and centra-
lized controllers are very similar. Moreover, the results
achieved by the multioverlapping controller are slightly
Figure 4. Reduced transmission range required by the
multioverlapping controller.
Figure 5. North–South 1995 Kobe seismic record.
Figure 6. Maximum absolute interstory drifts and control
efforts.
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better in 13 of the 20 stories, specifically in stories 1–7
and 11–16, as it can be appreciated in the bold data.
Remark 3. It is worth noting that these results do not
contradict the optimality of the centralized controller
defined by G since the optimality of the LQR controller
refers to minimizing the quadratic index (19), and this
fact does not imply a better performance in reducing
the interstory drift peak values.
Final remarks and conclusions
In this article, a computationally effective strategy has
been used to design a state-feedback multioverlapping
LQR controller for a 20-story building. This strategy,
based on a sequential application of the inclusion prin-
ciple, produces a block tridiagonal control gain matrix
that allows computing the corresponding control
actions using only state information of neighboring
stories. Due to this particular information exchange
configuration of the multioverlapping controller, the
transmission range and the control sampling frequency
in wireless implementations of the communications sys-
tem can be dramatically improved. Numerical simula-
tions indicate that despite the simplified low-dimension
design and the severe information exchange constraints,
the proposed semidecentralized multioverlapping con-
troller achieves a surprisingly high level of seismic
attenuation when compared with the centralized LQR
controller. Obviously, no accurate or general conclu-
sions can be drawn from highly simplified models.
However, it should be highlighted that the obtained
results clearly indicate that the design of the semidecen-
tralized controllers via multioverlapping decomposi-
tions and the inclusion principle is a promising research
line that certainly deserves deeper attention and further
research effort.
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Appendix 1
Notation
ai actuation device between si1 and si
A state matrix with state x(t)
A
I
state matrix with state xI(t)
~AD expanded state matrix
~A(i)D decoupled local state matrix
B input matrix with state x(t)
B
I
input matrix with state xI(t)
~BD expanded input matrix
~B(i)D decoupled local input matrix
ci damping coefficient of si (N s/m)
C damping matrix
E input disturbance matrix with state x(t)
E
I
input disturbance matrix with state xI(t)
G centralized control gain matrix
G^ multioverlapping control gain matrix
~G(i)D local control gain matrix
In identity matrix
Jc centralized quadratic cost index
½Jcopt average optimal value of Jc
J^ average quadratic cost for G^
~J(i)D local quadratic cost index
ki stiffness coefficient of si (N/m)
K stiffness matrix
M mass matrix
mi mass of si (kg)
P change of basis matrix
qi(t) displacement of si (m)
q(t) vector of story displacements
Q state weight matrix in Jc
~Q(i)D state weight matrix in
~J(i)D
R control weight matrix in Jc
~R(i)D control weight matrix in
~J(i)D
si ith story
S state-space model with state x(t)
S
c
state-space model for controller design
S
I
state-space model with state xI(t)
~SD expanded state-space model
S(i) expanded subsystem
~S(i)D local state-space model for S
(i)
t time (s)
Tu control location matrix
Tw disturbance input matrix
ui(t) control action for ai
u(t) vector of control actions for G
u^ (t) vector of control actions for G^
w(t) seismic ground acceleration (m/s2)
x(t) state vector of grouped interstory drifts
and velocities
x
I
(t) state vector of story displacements and
velocities
½0r3 s zero matrix of dimensions r3 s
½1r3 1 column vector of dimension r with all its
entries equal to 1
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